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Adaptive QUICK-Based Scheme to Approximate
Convective Transport
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National Tsing Hua University, Hsinchu 30013, Taiwan, Republic of China

A new adaptive high-order-accurate convection scheme that satis� es the unsteady total variation diminishing
principle has been developed. The second-order accuracy of the proposed scheme was veri� ed by numerical
experiments on the unsteady linear and nonlinear scalar equations. The new scheme was further applied to one-
dimensional unsteady compressible shock tube and steady nozzle � ows and a two-dimensional shock re� ection
problem. Predicted results indicate that the present method returns a high order of accuracy and oscillation free
results.

I. Introduction

T HE desirable features of schemes to approximate convective
transport are of high-order accuracy, stability, boundedness,

and algorithmic simplicity. These can be easily satis� ed for prob-
lems with smoothly varying dependent variables. However, in tur-
bulent � ows or compressible � ows in the presence of shock, the
appearance of sharp gradients of the transported variables makes
the approximation of the convection term a dif� cult task.

A bounded solution is crucial on physical grounds. For example,
the mixture fraction of reacting � ows and the normal components
of the Reynolds stresses cannot fall below zero. To obtain stable
and bounded solutions, a � rst-order upwind-difference scheme is
often adopted; however, this scheme (with a leading second-order
truncationerror resembling a viscous process) is highly diffusive in
situations where the � ow direction is oblique or skewed relative to
the numericalgrid.To remedythis,higher-orderschemesare usually
preferred due to their lack of numerical dissipation; however they
also inevitably generate oscillations when excited by features such
as a shock or steep variationsof the transported properties.

There are several approaches to counteract the oscillations. For
example, it is possible to obtain bounded solutions by adding ad-
ditional arti� cial viscosity to the � nite difference schemes. There-
fore, one plausible approach is to add explicitly arti� cial diffusion
� ux1 to the convection term, which is in general approximated by
centraldifferencing.These dissipationterms, however, usually con-
tain problem-dependent parameters, which must be tuned in ad-
vance. Another approach is the adoption of higher-orderupwinding
schemes. The high-orderupwind convection scheme, QUICK,2 for
example, though handling well convective transport for problems
with smoothly varying dependent variables, introduces unphysical
overshoots and oscillatory results in regions where the convected
variables experience sharp changes in gradients (or discontinu-
ities) under highly convective conditions. Because this scheme is
widely used to compute turbulent � ows within the pressure correc-
tion and the segregatedapproach,a numberof schemes, for example
SHARP3 and SMART,4 have been proposed to overcome this de-
fect; however, these schemes, though performing well in passive
scalar problems, are not bounded in situations such as shock tube
� ows.5,6

Total variation diminishing (TVD) schemes7 ¡ 10 possess several
attractive features, such as delivering well-resolved, nonoscillatory
discontinuities and convergent solutions. It is possible to derive
methods with a high order of accuracy, that are TVD. To remedy
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the unbounded solution of the QUICK scheme, bounded-QUICK
schemes,6,11 which are based on the TVD constraints proposed by
Sweby,9 were proposed.

However, Sweby’s TVD constraints were shown to represent
much more restrictive conditions than the constraints accounting
for the Courant number effect.12 ¡ 15 In the present study, a new
high-order-accurateconvectionscheme that is based on the QUICK
scheme and satis� es the unsteady TVD principle will be presented.
The new scheme is to be applied to pure convection problems and
compressible � ows with discontinuity of the transported variables.
The merits of the adoption of the unsteady TVD constraints will
also be addressed.

II. Mathematical Formulation
Before proceeding to the derivation of the new scheme, it is es-

sential to discuss the TVD principle. For simplicity, consider � rst a
linear scalar equation:

@u

@t
+ a

@u

@x
= 0, a > 0 (1)

According to Harten,7 the principle of monotonicity properties
dictates the solution of Eq. (1) as a function of time to have the
following qualities. 1) No new local extrema may be created. 2)
The value of a local minimum is nondecreasing,and the value of a
local maximum is nonincreasing.

Therefore, the total variation of the solution is nonincreasing,or
TVD, that is,

TV( u n + 1) · TV( u n ) (2)

TV( u n) = R i D i + 1
2
u n (3)

where D i + 1/ 2 u = u i + 1 ¡ u i .
If the numerical scheme is written in the form

u n + 1
i = u n

i ¡ Ci ¡ 1
2
D i ¡ 1

2
u n + Di + 1

2
D i + 1

2
u n (4)

where Ci ¡ 1/ 2 and Di + 1/ 2 are data-dependentcoef� cients, suf� cient
conditions for the scheme to secure the TVD inequalities are7

0 · Ci ¡ 1
2
, 0 · Di + 1

2
, 0 · Ci ¡ 1

2
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2
· 1 (5)

Following Sweby’s formulation,9 the discretized form of the
scalar equation can be expressed as a combination of a � rst-order
scheme and an antidiffusive � ux:
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where W is the � ux limiter, which determines the level of antidiffu-
sive � ux; m =a d t / d x ; and ri + 1/ 2 = D i ¡ 1/ 2 u n / D i + 1/2 u n . Note that
Eq. (6) is a modi� ed form of the Lax–Wendroff scheme, and the
original Lax–Wendroff scheme is recovered by setting W =1.

It is apparent that the precedingformulationshows that Di + 1/ 2 =
0. Therefore, for the scheme to satisfy the TVD constraints, the
following prevails:

0 · m 1 +
1
2

(1 ¡ m )
W ri + 1

2

ri + 1
2

¡ W ri ¡ 1
2

· 1 (7)

It can be shown that the left inequality of Eq. (7) is satis� ed
when15

W ri ¡ 1
2

· 2/ (1 ¡ m ) (8)

W ri + 1
2

ri + 1
2

¸ 0 (9)

provided that m < 1.
As for the right inequality of Eq. (7), by the introduction of a

parameter b (Ref. 15), it can be shown that

0 ·
m

2
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2

ri + 1
2

· b (10)

0 · ( m / 2) 2 ¡ (1 ¡ m ) W ri ¡ 1
2
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Equations (10) and (11) can be rearranged to give
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Because the lower limit of W is zero, the value of b is 1 ¡ m . There-
fore, the unsteady TVD constraints dictate that

0 < W (r) · min[2/ (1 ¡ m ), 2r / m ], for r > 0

W (r ) = 0, for r · 0 (14)

These represent the upper bound of the unsteady or adaptive
TVD constraints,which were proposed by Jeng and Payne.15 Other
Courant-number-dependentboundingproperties12 ¡ 14 were alsopro-
posed, but the results from the TVD derivation are straightforward
and are adopted here.

A subset of the preceding TVD constraints was proposed by
Sweby9

0 < W (r) · min[2, 2r], for r > 0

W (r) = 0, for r · 0 (15)

The rangeof both TVD constraintscan be seen fromFig. 1, where
the dashed and dot–dashed lines correspond to Eqs. (14) and (15),
respectively.It is clear that Sweby’s9 constraintsare more restrictive
than the adaptive one.

Fig. 1 TVD range.

III. Adaptive QUICK-Based Scheme
For most steady� ow computationsemployingthe pressure-based

method and segregated approach, the third-order accuare QUICK2

scheme is usually adopted. Therefore, it will be bene� cial to intro-
duce the TVD concept into the scheme.

If expressed in terms of a � ux limiter, the QUICK scheme can be
written as

W (r)QUICK = 0.75 + 0.25r (16)

This line is shown in Fig. 1, and it can be clearly seen that a higher
proportion of the QUICK scheme lies outside the aforementioned
TVD range. Therefore, it is not surprising to observe the scheme
to produce over- and undershoots in regions where the convected
variables experience sharp changes in gradient or discontinuities
under highly convective conditions.

To remedy this and still maintain a high order of accuracy, a
bounded QUICK scheme6 was proposed:

W (r)bounded-QUICK = max[0, min(2, 2r, 0.75 + 0.25r )] (17)

This can be seen as a nonlinear functional relationship bounded by
Sweby’s9 TVD constraints.

To account for the Courant number effect, as indicated by the
adaptive TVD constraints, an adaptive QUICK scheme can be for-
mulated, and the authors suggest the following new scheme:

W (r)adaptive-QUICK = max{0, min[2/ (1 ¡ m ), 2r / m

unsteady TVD

, 0.75 + 0.25r

QUICK

]}

(18)

It can be clearlyseen that the region adopting the QUICK scheme
has been increaseddramaticallyby adopting the adaptiveTVD con-
straints. Because the regions for the proposed scheme to coincide
with theQUICK schemearemore than thoseof thebounded-QUICK
scheme, the accuracyof the present scheme might be higher. There-
fore, less diffusive results might be expected.

IV. Solution Algorithm
The discretized form of the scalar equation,

Ut + F(U )x = 0 (19)

can be expressed as

U n + 1
i = U n
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d t

d x
F̃n

i + 1
2
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2
(20)

Following Roe16 and Sweby,9 the � ux F̃i + 1/ 2 can be expressed
as

1

2
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+
1

2
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2
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where a = @F / @U and W is the � ux limiter. This scheme is second-
order accurate in time and space.

The discretized form of the Euler equation (in one direction for
simplicity) can be expressed as

U n + 1
i = U n

i ¡ m F̃n
i + 1

2
¡ F̃n

i ¡ 1
2

(22)

where m = d t / d x and

U =

q

q U

q e

, F =

q U

q U 2 + P

( q e + P)U



KUAN AND LIN 2235

Following Yee,17 the � ux F̃ is expressed as
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i + 1

2
= 1

2
Fn

i + Fn
i + 1 ¡ Rn

i + 1
2
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i + 1
2

(23)
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2
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2
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2
U

Q(z) =
j z j , if j z j · ²

(z2 + ²2) / 2², others

where k is theeigenvalueand b is 0 and1 for steadyand transientso-
lutions, respectively.This scheme is second-orderaccurate in space
and, when b =1, is second-orderaccurate in time.17

The determinationof ri + 1/ 2 is given by the followingexpression:
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In the present approach, the latter formulation is usually adopted.

V. Results and Discussion
A. Unsteady Linear Advection Equation

The purpose of this test is to verify the second-orderaccuracy of
the proposed scheme. Consider a linear advection equation, and the
governing equation can be written as

@U

@t
+ a

@U

@x
= 0.0

Because this is an initial value problem, the exact solution can be
expressedas U (x ; t ) =U0(x ¡ at), whereU0(x) is the initial condi-
tion. To further simplify the solutionprocedure,a periodicboundary
condition is imposed.

Consider, � rst, a simple problem with the following initial con-
dition:

U0(x) = ¡ 0.5 sin p x + 0.5, ¡ 1 < x < 1

The Courant numbers m for the present case are 0.2, 0.5, and 0.8,
respectively, and the grid points adopted are 21, 41, 81, 161, 321,
and 641. The computations end at time t = 1.0. Figure 2 shows the
variation of the L1 and L2 norms at different mesh sizes (dX ) and
Courant–Friedrichs–Lewy (CFL) numbers. The order of accuracy
of the L1 and L2 error norms is about 2 and 1.7, respectively.This
indicates that the proposed scheme is second-order accurate. Also
note that theabsoluteerror of the CFL = 0.8case is the lowest,which
indicates that the level of accuracy is the highest. These results are

Fig. 2 Solution error of
linear advection equation:
smooth pro� le, A-Q scheme.

Fig. 3 Solution error of
linear advection equation:
rough pro� le, º = 0:8.

Fig. 4 Predicted results of
linear advection equation:
rough pro� le, º = 0:8.

Fig. 5 Predicted results of
linear advection equation:
rough pro� le, º = 0:8.

not surprising. Because the unsteady TVD region is bounded by
2/ (1 ¡ m ) and 2r / m , therefore, the regions for the proposed scheme
to coincide with the QUICK scheme for CFL = 0.8 is higher, as
shown in Fig. 1.

The proposed scheme is further applied to the linear advection
problemwith sharp gradientsof the transportedproperties.The case
adopted here was also examined by Harten,18 and the initial condi-
tion takes the form as

U0(x) =

¡ x sin(3 p x2 / 2), ¡ 1 · x · 1
3

j sin(2p x) j , j x j < 1
3

2x ¡ 1 ¡ [sin(3 p x) /6], 1
3 < x < 1

Computations are performed with CFL = 0.8 and end at time
t = 1. The solution errors are shown in Fig. 3, and it can be seen
that theadaptive-QUICK(A-Q) resultsare much more accurate than
the bounded-QUICK(B-Q) results. The predicted results, shown in
Figs. 4 and 5, con� rm this. It is not surprising to observe that the
B-Q is slightly more diffusive. Note that the contact discontinuity
sharpening technique, similar to that adopted by Jeng and Payne,15

is adopted here.

B. Unsteady Burgers Equation
The performance of the proposed scheme is next examined by

applying to the nonlinear Burgers equation

@U

@t
+

@f

@x
= 0 (28)

where f =U 2 /2.
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Fig. 6 Predicted results of
Burgers equation: A-Q
scheme, 81 points, and º =
0:8.

Fig. 7 Solution error of
Burgers equation: t = 1, A-
Q scheme.

Fig. 8 Solution error of
Burgers equation of differ-
ent schemes: t = 1, º = 0:8.

This is an initialvalueproblemand, to simplify the solutionproce-
dure,a periodicboundaryconditionis imposed.The initialcondition
is set as

U (x , 0) = sin( p x), 0 < x < 2

The reference solution is the result of the numerical solution us-
ing 5001 grid points. Figure 6 shows the predicted solution at two
different times, t =0.2 and 1, adopting the A-Q scheme. It can be
clearlyobservedthat the formationof the shockappearsat t =1, and
the performanceof the proposedscheme in reproducingthe shock is
excellent.The detailed analysisof the solution error can be directed
to Fig. 7, which shows the solution error at time t =1 with differ-
ent grid sizes and CFL numbers. At time t = 1, the CFL =0.8 case
performs the best, though the differenceof the L1 norm is marginal.
Overall, the CFL =0.8 is better. Therefore, in subsequent compu-
tations this CFL number will be adopted. The orders of accuracy
of the present scheme are 2 and 1.7 for the L1 and L2 error norm.
These are not affected by the presenceof the shock. Figure 8 shows
the comparisons of the solution error using different schemes, that
is, Super-Bee (S-B), QUICK (Q), and the present scheme at t = 1.
It can be clearly seen that the absolute error of the present scheme
is the lowest. On the other hand, it is not surprising to see that the Q
scheme has the highest level of error, which is due to the oscillating
solution across the shock.

C. Unsteady One-Dimensional Shock Tube Problem
In contrast to the precedingscalar cases, attention is focusedhere

on an unsteady nonlinear shock-tubeproblem.
The initial conditions of the problem

q = 1, P = 1, U = 0, 0 · x < 0.5

q = 0.25, P = 0.1, U = 0, 0.5 < x · 1

Fig. 9 Predicted velocity of
shock tube problem with differ-
ent grid densities: t = 0:14.

Fig. 10 Predicted Mach num-
ber distribution of Laval noz-
zle.

Fig. 11 Predicted pressure
distribution of Laval nozzle.

consist of two stagnant regions with different densities and pres-
sures separated by a diaphragmplaced at x = 0.5. At time t = 0, the
diaphragm is ruptured, and a series of compression waves rapidly
coalesce into a normal shock. Simulations with dt =0.001 and 140
time steps focuson the case before any wave has reached the bound-
aries. Figure 9 shows the predicted velocity distributionsusing dif-
ferent grid densities. The results indicate that the number of grid
point across the shock remains the same, indicating the accuracy of
the scheme proposed.

D. Steady One-Dimensional Laval Nozzle Flow
Although this case is also concerned with the representation of

shock, a steady Laval nozzle � ow is consideredhere. The geometry
of the nozzle is

A(x) = Atr + (Ai ¡ Atr)[(5 ¡ x) / 5]2, x · 5

A(x) = Atr + (Ae ¡ Atr)[(x ¡ 5) / 5]2, x ¸ 5 (29)

where Ai , Atr, Ae are the inlet, throat, and exit area of the nozzle
with area ratio of 2:1:2; the range of the nozzle spans from 0 to 10.

Computationswere performedwith 101–201 uniformgrid nodes.
The Mach number and pressurevariationsalong the nozzle with the
Pe / P0 = 0.86 exit pressure ratios are shown in Figs. 10 and 11. It
can be seen that the proposed schemes show oscillation free results
and high level of accuracy. The number of grid points across the
shock using different grid density remains the same.

E. Steady Two-Dimensional Oblique Shock Flow
The applicability of the present method to a two-dimensional

shock problem, where an inviscid � ow developed by a shock wave
re� ects from a rigid surface, is considered. Figure 12 shows the
geometry and pressure solutions for the shock re� ection problem.
The computational domain is a rectangle of length 4 and height 1,
with a uniform grid sizes of 121 £ 41 and 241 £ 82. The boundary
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Fig. 12 Con� guration of oblique shock problem.

Fig. 13 Predicted pressure distribution.

Fig.14 Predicted pressure co-
ef� cients.

conditions are that of a re� ecting surface along the bottom surface,
supersonic out� ow along the right surface, and prescribed � xed
values on the other two sides, which are

( q , u, v, p)(0, y,t) = 1, 2.9, 0, 1
1.4

( q , u, v, p)(x ,1,t) = (1.69997, 2.61934, ¡ 0.50632, 1.52819)

The boundary conditionsproducean incident shock angle of 29 deg
and the freestream Mach number M 1 was 2.9. The numerical al-
gorithm adopted here is the direct two-dimensional extension of
the one-dimensionalmethods employed to calculate the shock tube
problem, albeit the present case is concernedwith two-dimensional
steady-state solution.

Figure 13 shows the pressure contours with equal contour
spacing of 0.1. Both grids generate similar results and produce
sharp shock capturing capability. The pressure coef� cient, C p =
( p/ p 1 ¡ 1)2/ ( c M2

1 ) evaluatedat Y =0.5, is shown in Fig. 14.The
incident shock is well represented by the present scheme, though
the locationof the re� ected shock is slightly smeared. However, the
overall resolution is still reasonable.

VI. Conclusions
A new high-order-accurate convection scheme, which satis� es

the unsteady TVD principle, has been developed. Numerical ex-
periments indicate that the proposed scheme is second-order ac-
curate when applied to linear and nonlinear scalar equations. The

scheme was also shown to be able to capture the sharp gradients
of the scalar pro� les. The proposed scheme was further applied to
one-dimensional shock tube and Laval nozzle � ows, and a two-
dimensional steady shock re� ection problem. Predicted results for
the unsteadyshock-tube� ow, steadyLaval nozzle � ow and the two-
dimensional shock re� ection problem indicate the present method
returned accurate and oscillation free results.
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